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Achieving low thermal conductivity and good electrical properties is a crucial condition for thermal
energy harvesting materials. Nanostructuring offers a very powerful tool to address both require-
ments: in nanostructured materials, boundaries preferentially scatter phonons compared to elec-
trons. The search for low-thermal-conductivity nanostructures is typically limited to materials with
simple crystal structures, such as silicon, because of the complexity arising from modeling branch-
and wave vector-dependent nanoscale heat transport. Using the phonon mean-free-path (MFP) de-
pendent Boltzmann transport equation, a model that overcomes this limitation, we compute thermal
transport in 75 nanoporous half-Heusler compounds for different pore sizes. We demonstrate that
the optimization of thermal transport in nanostructures should take into account both bulk thermal
properties and geometry-dependent phonon suppression, two aspects that are typically engineered
separately. In fact, our work predicts that, given a set of bulk materials and a system geometry,
the ordering of the thermal conductivity of the nanostructure does not necessarily align with that
of the bulk: We show that what dictates thermal transport is the interplay between the bulk MFP
distribution and the nanostructuring length scale of the material. Finally, we derive a thermal trans-
port model that enables fast systems screening within large bulk material repositories and a given
geometry. Our study motivates the need for a holistic approach to engineering thermal transport
and provides a method for high-throughput materials discovery.
INTRODUCTION
Direct conversion of thermal energy into electricity has
tremendous advantages in many applications, including
power generation and cooling [1]. Despite decades of re-
search on thermoelectric materials, the energy conversion
efficiency is still relatively low compared to traditional
technologies. The thermoelectric efficiency in semicon-
ductors is limited by the figure of merit ZT = TσS2/κ,
where σ is the electrical conductivity, S is the Seebeck
coefficient, T the lattice temperature and κ is the ther-
mal conductivity (TC), which consists of electronic and
lattice components: κel and κL. As these three quan-
tities are interrelated, achieving high-ZT materials is
challenging. Nanostructuring is a unique platform to
overcome some of these challenges because it preferen-
tially suppresses phonon transport relative to electrical
transport [2]. The reason for such behaviour stems from
the fact that phonon mean free paths (MFPs) are typi-
cally larger than electron MFPs that contribute to σ in
heavily-doped semiconductors. Promising results have
been obtained with nanowires [3, 4], thin films [5] and
porous materials [6–9]. As phonons may have wide MFP
distributions, effective suppression can be achieved with
all-scale hierarchical materials. The different scales can
be spanned by combining doping, nano-inclusion and
grain engineering [10].
For practical reasons, the search for low TC bulk ma-
terials is often pursued separately from the engineering
of phonon suppressing nanostructures. The implicit as-
sumption is that the ordering of bulk TCs within a given
material set resembles the relative ordering of TCs in
nanostructures based on the same set of materials. In
this work, we challenge this assumption by calculating
the TC of porous materials based on half-Heusler (HH)
compounds. Our model, based on the phonon Boltz-
mann transport equation (BTE) and first-principles cal-
culations, predicts that the bulk ordering is largely pre-
served only for structures with nanostructuring length
scales that are relatively large with respect to the bulk
MFP distribution. Conversely, when heat is primarily
ballistic, the bulk MFP distribution plays a crucial role
in determining the ordering of the TCs. The nanostruc-
turing length scale, referred to as “characteristic length”
throughout the text, is the limiting dimension of the ma-
terial, e.g. the thickness of a thin film. Finally, we iden-
tify a material-independent model, based on a simpli-
fied version of the BTE, that provides a faster estima-
tion of the TC of a given nanostructure and a generic
set of materials. As HHs are promising thermoelectric
materials [11, 12], our work provides practical guidance
to experimentalists. Furthermore, it can serve as a base
for high-throughput thermal transport in nanostructures,
where the bulk MFP distribution can be estimated from
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2either first-principles or experimental reconstructions of
MFP distributions [13, 14]. Finally, it demonstrates that
effective material optimization should explicitly include
both intrinsic materials properties and system geome-
tries.
RESULTS
The crystal structure of the HH compound ABC is
formed by three interpenetreting FCC lattices, where A
and C form a rocksalt structure and B is located at the
diagonal position (1/4, 1/4, 1/4), as shown in Fig. 1(a).
The 75 HH compounds considered in this work are taken
from Ref. [15], in which high-throughput calculations
were used to screen nearly 80 thousand entries from the
AFLOW database [16], on the basis of mechanical and
thermodynamic stability. Similarly to Refs. [17], the sim-
ulation domain of the porous material is a square unit cell
comprising a single pore. Periodic boundary conditions
are applied to the heat flux on the boundaries of the unit
cell. The porosity, i.e., the ratio the pore area to the total
area, is fixed to φ = 0.3, while the size of the unit cell (or
the periodicity) is L = 10 nm, 100 nm, or 1 µm. Along
the walls of the pore we apply diffuse scattering bound-
ary conditions, i.e. i.e., incoming phonons are scattered
back isotropically; the temperature of the phonons leav-
ing the pore’s surface is set so that zero normal thermal
flux is guaranteed along the boundary [18]. Heat flux is
ensured by applying a difference of temperature ∆T =
1 K between the hot and cold contacts. A sketch of the
simulation domain is shown in Fig. 1(a). Our model for
phonon transport is based on the MFP-BTE under the
relaxation time approximation [19, 20]
Λsˆ · ∇T (r,Λ) + T (r,Λ) = TL(r), (1)
where T (r) is the space-dependent effective tempera-
ture distribution of phonons with MFP Λ and group
velocity with direction sˆ; TL(r) is the effective lat-
tice temperature, given by TL(r) =
∫∞
0
< T (r,Λ′) >
a(Λ′)dΛ′, where < . > is an angular average and
a(Λ′) =
[∫∞
0
Kbulk(Λ
′′)/Λ′′2dΛ′′
]−1
Kbulk(Λ
′)/Λ′2. The
term Kbulk(Λ) is the bulk MFP distribution, computed
by combining density functional theory (DFT) with the
phonon supercell approach [21, 22]. The implementation
of our BTE model is described elsewhere [19, 20]. The
essence of classical size effects is captured by the phonon
suppression function, S(Λ), which describes the ratio of
the MFP distribution of the porous material to that of
the bulk Kbulk(Λ), where Λ is the bulk MFP. Once S(Λ)
is computed by the BTE, the effective TC is obtained via
κeff =
∫ ∞
0
Kbulk(Λ)S(Λ)dΛ =
=
∫ ∞
0
αbulk(Λ)g(Λ)dΛ,
(2)
where g(Λ) = −∂S(Λ)/∂Λ and αbulk(Λ) is the cumu-
lative bulk thermal conductivity at MFP Λ, i.e. the
sum of all MFP contributions up to Λ. We note the
bulk TC is κbulk =
∫∞
0
Kbulk(Λ)dΛ. The values for
κbulk at room temperature of the HH compounds con-
sidered in this study range from 1.24 WK−1m−1 (Ni-
HfSn) to 62.12 WK−1m−1 (CoNbSn) [15]. When the
porous material is large enough that all phonons travel
diffusively, κeff is obtained by Fourier’s law. In this
case, the only source of reduction in thermal transport
is the decreased volume through which phonons travel
due to the presence of the pores. The reduction fac-
tor, κFourier/κbulk ≈ r = (1 − φ)/(1 + φ) = 0.54, is pre-
dicted by Eucken-Garnett theory [23] and is in agreement
with that computed by our Finite-Volume (FV) diffusive
solver. As diffusive heat conduction does not depend on
the phonon MFPs, it gives the same result regardless
the size of the unit cell, as long as the porosity is kept
constant. Conversely, when size effects occur, κeff be-
comes scale-dependent [24](we use “scale” and “period-
icity” interchangebly.) In order to focus on size effects,
we scale κeff by the macroscopic reduction factor, i.e.
κ˜eff = κeffκbulk/κFourier = κeffr
−1. In Fig. 2(a), we plot
the distribution of κ˜eff for all compounds and periodici-
ties. We note that for L = 10 nm, most of the values are
below 10 Wm−1K−1, as a result of suppression of long-
MFP phonons. As L increases, the distribution of κ˜eff
widens up until approaching the bulk one for L = 1 µm,
where size effects become negligible. The values of κ˜eff
are available upon request.
(a) (b)
FIG. 1. (a) Structure of the HH compound. ABC are three
generic elements sitting on three interpenetrating FCC lat-
tices. (b) Unit cell used for the BTE calculation. Heat flux is
ensured by imposing a difference of temperature between the
hot and cold contacts.
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FIG. 2. (a) Thermal conductivity (κ˜eff) density distributions for L = 10 nm, 100 nm and 1 µm. As the periodicity increases
the values of κ˜eff approach those of bulk because size effects become negligible. The inset shows the thermal flux map. The
gradient of temperature is enforced along the xˆ direction. Red areas indicate high-flux regions. (b) Linear regression between
κ˜eff and κbulk for all the periodicities. (c) A representive pair of crossing bulk cumulative thermal conductivities, κbulk. In the
inset, a pair of non-crossing αbulk is illustrated. (d) The Spearman rank correlation between κδ(ΛT ) and κ˜eff is shown for all
L and varying ΛT .
We now assess whether κbulk can be used as a “descrip-
tor” for κeff . A descriptor is a simple model correalted
to, within some approximation, a more complicated cal-
culation. We perform a linear regression between these
two quantities, as shown in Fig. 2(b). We quantify their
correlation with the Spearman rank correlation, a sta-
tistical quantity that indicates the monotonic correlation
between two variables [25], obtaining ≈ 0.88, 0.96, 1 for
L = 10 nm, 100 nm and 1 µm, respectively. This trend
can be understood if we analyze phonon suppression in
terms of S(Λ) and Kbulk(Λ), as encoded in Eq. (2). As a
first approximation, we can assume that heat carried by
phonons with Λ below a given threshold ΛT does not suf-
fer size effects, while all the rest is completely suppressed.
Within this assumption, the suppression function is given
by S(Λ) = rΘ(ΛT − Λ), where Θ(x) is the Heaviside
function. Using Eq. (2), we get g(Λ) = rδ(Λ − ΛT )
and κ˜eff ≈ κ˜δ = αbulk(ΛT ). This result shows that κ˜eff
is dictated by the bulk cumulative thermal conductiv-
ity around ΛT rather than by κbulk. In fact, there are
cases, such as for the pair CoBiTi and RuTaSb, where
the curves of αbulk cross each other for some values of
ΛT (see Fig. 2(c)). In this instance, if the nanostructur-
ing length is smaller than the crossing point the ordering
of κbulk is the opposite to that of κ˜eff , an effect that is
captured by κ˜δ. For completeness, we note that there
are cases, such as the pair CoNbSi-RhBiTi (see inset of
Fig. 2(c)), where the ordering swaping is absent. It is
worth noting that the effect of ordering mismatch has
already been discussed conceptually in [26].
In this section we assess the use of κδ as a descriptor
for κeff . To this end we calculate the Spearman rank cor-
relation between these two quantities for different ΛT .
As shown in Fig. 2(d), for all the periodicities such a
correlation increases with ΛT , reaches a maximum, and
eventually approaches a constant value. These final val-
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FIG. 3. Suppression functions of the HH compounds (blue shaded region) for (a) L = 10 nm and (b) L = 100 nm. These curves
are bounded by those of the “diffusive” and “ballistic” material limits. The suppression function of the “multiple gray” model
is also plotted. (c) The linear regression between κ˜diff and κ˜eff . In the inset, the slope of the regression models for both κ˜diff
and κ˜MG. (d) The regression model between κ˜eff and κ˜MG.
ues concide with those obtained with κbulk as a decriptor
since αbulk(∞) = κbulk. The value at which the correla-
tion is maximum increases with L, as a consequence of
the increasing characteristic length. These results show,
therefore, that by taking into account αbulk the ordering
of κ˜eff within a given set of materials is better estimated
with respect to the simple use of κbulk. However, this new
descriptor has a limitation: the optimal ΛT is unknown
unless one runs the BTE, negating the utility of κδ. Moti-
vated by this shortcoming, we introduce a parameter-free
descriptor, as described below.
In a previous work [18], we showed that the sup-
pression function of a given material and geometry is
bounded by the “diffusive” and “ballistic” material ap-
proximations. A diffusive (ballistic) material is the case
where all the bulk phonon MFPs are larger (smaller)
than the characteristic length. The suppression func-
tions of these two limits along with those of the HH
compounds are shown in Fig. 3(a) and Fig. 3(b) for
L = 10 nm and 100 nm, respectively. We note that,
while in the former case the curves of S(Λ) cover a wide
range (due to strong size effects), for larger periodici-
ties the suppression functions are compressed toward the
diffusive material limit because of weaker size effects.
In light of this result, we then speculate whether the
suppression function of the diffusive material limit, re-
ferred to as Sdiff(Λ), can be used to estimate κeff , i.e.
κ˜eff ≈ κ˜diff = r−1
∫∞
0
Sdiff(Λ)Kbulk(Λ)dΛ. Interestingly,
The Spearman rank correlation is close to unity for all
the considered periodicities, corroborating the use of κ˜dff
as an effective descriptor for κ˜eff . As Sdiff(Λ) is scale-
and material- independent, it would need to be computed
only once, for a particular geometry, and then be used
for a generic material and periodicity, increasing dramat-
ically the computational efficiency of material screening.
Although κ˜diff estimates the ordering of κeff , it does
not provide a prediction of the absolute values of the ef-
fective TC when size effects are significant (see Fig. 3(c)).
In fact, the slopes of the linear regressions are 1.53,
1.16 and 1 for L = 10 nm, 100 nm and 1 µm, respec-
5tively. To overcome this limitation we introduce a model
based on solving the BTE for each phonon MFP indepen-
dently. In practice, this is the equivalent to the “gray”
model solved for diffent values of Λ. We will refer to this
method as the “multiple gray” model (MG). The result-
ing suppression function, Smg(Λ), is then used to com-
pute κ˜eff ≈ κ˜MG = r−1
∫∞
0
SMG(Λ)Kbulk(Λ)dΛ. Within
this model, Eq. (1) becomes
Λsˆ · ∇T (r,Λ) + T (r,Λ) =< T (r,Λ) > . (3)
The curve of SMG(Λ), as shown in Fig. 3(a), is close to the
diffusive one; yet, the predicting power of κ˜MG is higher
than that of κ˜diff for most of the length scales, yielding
a slope in the regression model, shown in Fig. 3(d), of
0.89, 0.94 and 0.97, for L = 10 nm, 100 nm and 1 µm,
respectively (see inset in Fig. 3(c)). In light of these
results we recommend using the MG model.
CONCLUSION
By solving the phonon Boltzmann transport equation,
we have computed the effective thermal conductivity of
75 nanoporous half-Heusler compounds with different pe-
riodicities, obtaining significant reduction with respect to
the bulk. Then, we have developed a model that enables
the calculation of thermal transport in a large number of
materials by solving the BTE only once, within a given
geometry. In addition to enhancing our understanding
of nanoscale heat transport, our approach has the poten-
tial of accellerating materials discovery for thermoelectric
applications.
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